Abstract: We numerically studied the focusing properties of a special type of graded index photonic crystal media, i.e., the so-called photonic crystal Mikaelian lenses (PCMLs). We considered PCMLs with a varying air hole diameter and with a varying air hole pitch in hexagonal and rectangular lattices, and we compared their frequency response and polarization dependence. Our eventual objective is to design microstructured optical fibers equipped with a PCML in their cladding region adapted to allow for more efficient femtosecond laser grating inscription. Therefore, we have also evaluated the possibility of using such lenses as transverse focusing elements in microstructured optical fibers.
Introduction
Photonic crystal structures have been a hot research topic in the last two decades and they have impacted many applications in both linear and non-linear photonics [1] . Various devices such as filters [2] , lasers [3] , modulators [4] and waveguides [5] that exploit the unique features of photonic crystal structures have been reported. More recently, graded photonic crystal structures have attracted increased attention owing to their unprecedented potential for controlling and manipulating light [6] , [7] . Such structures have shown to enable Bsuper-bending[ of light [8] and to allow focusing of light using devices with planar geometries [9] - [14] . Focusing of an incident beam by a photonic crystal slab is made possible by varying one of the photonic crystal parameters such as the air hole radius in the direction perpendicular to the optical axis of the focusing slab. Several planar focusing structures have already been reported and the use of graded photonic crystal structures as waveguide couplers [13] , as directional antennas [11] or as broadband imaging elements [12] has been evaluated.
In our paper we study a peculiar type of graded photonic crystal lens: a so called photonic crystal Mikaelian lens (PCML) [13] , [14] . In a PCML, the variation of the photonic crystal lattice parameter is adapted so as to mimic a conventional gradient index Mikaelian lens [15] . We introduce an approach to design various types of PCML and we assess the focusing properties of such PCMLs with hexagonal and rectangular lattices. We also compare those PCML structures in terms of their frequency response properties.
Our eventual objective is to implement such PCMLs as transverse focusing elements in the cladding region of microstructured optical fibers (MOFs). A microstructured optical fiber is an optical fiber that has a transverse wavelength-scale microstructure which typically consists of air holes running along the entire length of the waveguide [16] . The unprecedented design flexibility of MOFs allows developing dedicated fibers for a variety of applications ranging from supercontinuum generation [17] and high power fiber lasers [18] to optical fiber sensors [19] as well as particle trapping in hollow core waveguides [20] .
Particular attention has been paid recently to the issue of transverse light coupling to the core region of MOFs, i.e. in the direction perpendicular to the fiber length. Manipulating transversely propagating light in MOFs can have several applications. For example, all-optical switch devices based on liquid crystal filled [21] and microfluidic [22] MOFs have been proposed. A transverse beam can also be used for particle trapping experiments in hollow core fibers [20] . Understanding how light propagates through a MOF in the direction perpendicular to its axis was also found useful to investigate the structure of the MOF, to determine the angular orientation of the fiber and to analyze fiber tapers [23] , [24] .
Since in a MOF the array of air holes forms a photonic crystal lattice in the transverse direction of the fiber, one can conceive that implementing a PCML structure in MOFs instead of a regular array of air holes can benefit to some of the applications mentioned above. The specific application that we focus on, however, deals with improving the efficiency of fiber Bragg grating inscription in MOFs [25] . Efficient delivery of grating inscription light to the core region of a MOF is essential to enable grating formation, especially when grating formation happens during exposure to high intensity laser pulses (often femtosecond pulses) that induce refractive index modifications resulting from nonlinear multi-photon absorption processes [26] .
A substantial amount of recent studies dealt with the influence of the microstructured cladding on transverse coupling of light to the core region in view of optimizing the efficiency of grating writing in MOFs [27] - [34] . We have also already tackled this issue in previous publications in which we have estimated the influence of the air hole lattice on the optical power that reaches the core of hexagonal lattice and highly birefringent MOFs [36] , [37] . By doing so we were also able to show that it is possible to optimize the hexagonal lattice parameters in order to provide for enhanced transverse coupling [35] . In the current paper however, we step away from regular hexagonal lattices and we move to the PCMLs introduced above. We introduce a PCML in the cladding region with the intention to focus a transverse laser beam to the core region of the fiber. In this way we will not only overcome the detrimental influence of regular microstructured claddings on multi-photon grating writing in MOFs, but we also substantially increase the optical intensities coupled into the core region.
Before proceeding though, it is worthwhile considering the geometry of transverse coupling to the core of a MOF as illustrated in Fig. 1 . Although strictly speaking, transverse pulse propagation through a MOF has a 3-dimensional nature, most of the numerical descriptions of this problem so far relied on a 2-dimensional geometry [29] - [37] . Carrying out full three-dimensional simulations of the propagation of laser pulses through a MOF requires considerable computing power, which is essentially due to the large fiber dimensions (usually diameters of 80 m or 125 m) compared to the wavelength of light ($1 m for infrared sources). Transverse coupling in MOFs is, however, mainly associated with the interaction of the in-plane component of the wave vector (parallel to the fiber cross-section -k xy ), since this component interacts with the holey medium. The out of plane component of the wave vector ðk z Þ propagates along the fiber length and the air holes, and hence does not interact with the air hole boundaries [see Fig. 1(b) ]. It is therefore justified to limit the study to a two-dimensional approach. Should the transversely incident grating writing beam have an outof-plane component (e.g. in case of oblique incidence), then our results will describe the interaction with the holey structure of the in-plane wave vector component only [1] .
The rest of our paper is structured as follows: in the second section we introduce the concept of the photonic crystal Mikaelian lens (PCML), we compare different methods for designing PCMLs and we describe our approach for doing so. Section 3 deals with a comparison of four different PCML structures that have been identified as candidate structures for our target application. In Section 4 we build a MOF with a cladding region formed by the optimal PCML structure and we show how it focuses a transversely incident grating writing beam to the core region.
Design Methods of Photonic Crystal Mikaelian Lens (PCML)
A photonic crystal Mikaelian lens (PCML) is an implementation of a conventional Mikaelian or gradient index lens in a photonic crystal lattice. The focusing ability of a PCML structure is achieved by varying the lattice parameters: the air hole radius, the air hole pitch or the combination of both. The effective index in the PCML varies along the direction perpendicular to the optical axis according to the Mikaelian formula [15] :
where n 0 is the refractive index in the center of the lens, x is the distance to the central axis of the lens and L is the lens thickness. This formula yields a focal point right in front of the structure. We used this formula in [25] , [38] , where we have introduced the concept of a MOF enabling cladding assisted grating inscription, for the first time to our knowledge. At that instance we limited ourselves to a PCML with a rectangular lattice and a varying air hole radius and by doing so we only explored a limited portion of the design space. In this paper we therefore extend our study to PCMLs with hexagonal lattices and we also investigate the potential of rectangular lattice PCMLs with varying air hole pitch. This leads to a total of four possible types of PCMLs with structures illustrated in the Fig. 2 . In order to design any graded index photonic crystal lens, we need to know the function that describes the evolution of the photonic crystal parameter in the direction perpendicular to the optical axis. Linear or quadratic functions for the variation of the air hole radius have already been reported for that purpose [9] , [10] . In [12] the authors tried different grading functions for the air hole radius and compared the focusing efficiency of the resulting photonic crystal lenses. They obtained optimal focusing for an air hole radius varying as:
where Ã is the pitch of the photonic crystal lattice [12] .
Triandafilov et al. [14] considered a rectangular PCML only and derived the air hole radii of each row from the assumption that the optical path length along the line which crosses the holes from the center should be equivalent to that of the ideal Mikaelian lens described by the Equation (1). According to [14] the air hole radius variation of a PCML should follow:
where n is the refractive index of the host material and n 0 is the refractive index in the center of the ideal Mikaelian lens. The main limitation of this approach is that it can be applied only to a rectangular lattice PCML with varying air hole radius and, to some extent, also to a hexagonal lattice PCML with its optical axis along the ÀM direction. Our approach is different from those mentioned above. To calculate the air hole radius or pitch variation throughout the PCML, we considered Bprimitive cells[, which we define in analogy to the Wigner-Seitz cell in solid-state physics [36] . The primitive cells of the four PCML types considered in this paper are illustrated in Fig. 2 . The average refractive index of every primitive cell can be calculated by the following equation:
where S air is the area of the air hole in a primitive cell, S cell is the total area of the cell and n air is the refractive index taken equal to 1 in further calculations. Taking into account Equations (1) and (4) one can derive a formula for the air hole radius variation in a rectangular lattice PCML: where n 0cell is the average refractive index of the primitive cell in the center of the PCML determined by the minimal air hole radius. Fig. 3 illustrates the three grading functions given by Eqs. (2), (3), and (5). The coefficients of the equations were changed to allow for a reasonable comparison of the approaches. All three approaches give very similar results and the optimized function from [12] (Eq. (2)) is in reasonable agreement with the approach of the Mikaelian formula used by [14] (Eq. (3)) and our approach (Eq. (5)).
The advantage of our approach based on the use of primitive cells is its flexibility and its applicability to different types of PCMLs. For example and for a hexagonal lattice PCML with varying air hole radius, we can use the same reasoning as for the derivation of Eq. (5). The only difference is that the area of the primitive cell is different from that in a rectangular lattice. For a hexagonal lattice the air hole radius should vary as:
which differs from Eq. (5) by a constant coefficient only. This formula can be applied to hexagonal lattice PCMLs with a gradient of the air hole radius along both the ÀK or ÀM directions.
The process of designing a PCML with a varying air hole pitch is somehow less straightforward than for a varying air hole radius. Fig. 2(d) shows that such a photonic lattice has two pitches: one along the optical axis that is constant ðÃÞ, and one in the perpendicular direction that gradually decreases towards the edges. It is also important to note that the main parameter of the varying air hole pitch PCML is the position of the air hole or the air hole row along the x axis. To design this type of PCML we have to move row by row. For the first central row of air holes we can write the following expression for the average refractive index:
where x 1 is the position and the coordinate of the first hole along the x axis, which is in fact the unknown that we aim to find. To find this unknown we require n cell 1 to be equal to the Mikaelian formula (1) with the corresponding coordinate; by solving this equation we can find x 1 (which can only be done numerically) and hence the position of the first air hole. Once we know the position of the first hole, we can proceed to the next. For the k -th row of air holes the equation to be solved has the following form:
where the unknown is x k and where x k À1 ; . . . ; x 2 ; x 1 are known from the previous steps.
Focusing Performances of Different PCML Types
We can now proceed to studying the focusing performance of the four PCMLs introduced in the previous section (see Fig. 2 ). Before doing so we recall a number of important issues related to the wavelength of the impinging light and we define the figure of merit that we will be working with in order to select an optimal PCML. First and since we deal with photonic crystal structures, resonant interaction of the light with the periodic structure can affect focusing in certain wavelength ranges. Second, approximating graded index media with a photonic crystal lattice is only valid for wavelengths comparable to or smaller than the lattice features. Finally, since we intend to implement PCML structures in the cladding region of a MOF we should favor PCML structures with fairly large air holes and with relatively large lattice pitches in order for the MOF to remain manufacturable using state-of-the-art stack-and-draw or extrusion methods.
To assess the focusing performance of a PCML structure in a glass MOF, we consider silica as a host material and hence we work with a material refractive index of 1.45. The maximum of the normalized intensity in the focal region I max =I 0 (I 0 is the incident beam intensity) will be used for evaluating and comparing the focusing performance of the PCMLs. We compute the normalized intensity distribution across the PCML structures with the commercially available software FDTD Solutions from Lumerical Solutions Inc. [39] . I max corresponds to the maximal value of the intensity found among the intensities of the pixels in the focal region. The location of the maximum intensity is therefore determined with an accuracy on the order of the mesh size (around 250 nm for 800 nm incident wavelength). In order to allow for a fair comparison of the 4 PCML types we should design PCMLs with similar overall dimensions.
We chose a reference lattice pitch of Ã 0 ¼ 400 nm, which is half the emission wavelength of a typical laser used for multi-photon inscription of gratings, i.e. a Ti:Sapphire laser at 800 nm. In the remainder of this manuscript, all the PCML lattice features will be normalized to this reference pitch, in order for the performance analysis to be wavelength independent. We define X1 as the aperture (or the width) of the PCML and Y1 as the length (or the depth) of the PCML. The frequency of the incident light will also be normalized to the lattice pitch and will be given in dimensionless units of Ã 0 =.
All four PCMLs were designed so as to occupy a region X 1 =Ã 0 ¼ 21 and Y 1 =Ã 0 ¼ 20. The PCML structures and their focusing performances for a TE polarized plane wave (propagating downwards from the top of the structure) are shown in the Fig. 4 , in which we took the normalized frequency of the incident light Ã 0 = ¼ 0:33 for sake of illustration. In the first three PCMLs, the air hole varies from r 1 =Ã 0 ¼ 0:25 to r 2 =Ã 0 ¼ 0:48. The 4th PCML has a fixed air hole radius r =Ã 0 ¼ 0:375 and a pitch that decreases from Ã 1 =Ã 0 ¼ 3 to Ã 2 =Ã 0 ¼ 1 in the X direction, whilst being constant in the Y direction with Ã=Ã 0 ¼ 1. Fig. 4 evidences that all four photonic crystal structures act as lenses and effectively focus incident light of this particular frequency. The normalized intensity in the focus exceeds 8 for the first three PCMLs and is slightly larger than 6 for the PCML with varying air hole pitch.
To find the PCMLs with best focusing performance we should study the normalized intensity in a broad frequency range. We therefore scanned the normalized frequency Ã 0 = in the range from 0.2 to 1 and we computed the normalized intensity in the focus. The results are shown in the Fig. 5 for both TM and TE polarized plane wave incidence on the PCMLs.
We observe clear focusing in the low frequency region, i.e. there where the approximation of a photonic crystal lattice by a graded index medium is valid. This is also in agreement with our previous findings [38] , when we compared conventional gradient lenses and PCML structures. Indeed, at low frequencies, the feature sizes of a PCML (air holes radius and/or pitch) are much smaller than the wavelength of the light, which interacts with the averaged media rather than with every individual cell. When the wavelength becomes comparable to the feature sizes of the structure, the interaction of the light with the photonic crystal lattice is becoming more complex. This is the reason for the irregular behavior of the normalized intensity at normalized frequencies above 0.35. The abrupt decrease around a normalized frequency of 0.4 results from resonant interaction with the periodic medium and is a band gap effect. In the higher frequency region, beyond the first band gap region, the three first PCML structures again start to focus incident light, albeit with a strong dependence on the polarization. This polarization dependence is obvious for hexagonal lattice PCMLs that exhibit notably larger focal intensities for TE polarized waves. Although the largest focal intensity is observed for TM polarized light incident on a hexagonal lattice PCML [ Fig. 5(b) ], this peak is very sharp and is accompanied with abrupt oscillations, indicating that such a structure would be very intolerant to manufacturing imperfections and possibly to deviations from the ideal angle of incidence between the writing beam and the microstructure. Instead, PCMLs with relatively large feature sizes that exhibit stable focusing performance over a reasonably broad frequency band can be chosen from the hexagonal lattice PCMLs, around a frequency of 0.65 for TE polarized light. A rectangular lattice PCML with varying air hole size also performs well around a frequency of 0.5 for both TM and TE polarized light.
The clear polarization dependence indicates that one could consider using PCML structures as polarization filters. This is the case, for example, for the hexagonal lattice PCML with varying air hole radius and with its optical axis along the ÀK direction, around a normalized frequency of 0.7 [see Fig. 5(a) ]. This structure efficiently focuses TE light, whilst TM light scatters out of the focal region.
To close this section: with exception of the PCML with varying pitch, all the PCMLs exhibit a high focusing efficiency in a specific frequency band. A tentative explanation is that the large air hole pitch in the central part of the photonic crystal lens leads to less structuring and hence to a lower ability to harness light, compared to the varying air hole radius PCMLs. The better focusing performance of hexagonal PCMLs can be related to the fact that hexagonal photonic crystal structures can exhibit full band gaps, in contrast to rectangular structures [46] .
PCML as Transverse Focusing Element in Microstructured Optical Fiber
As already mentioned, we aim to work with a PCML structure that has sufficiently large feature sizes, i.e. that operates in the highest possible frequency range (low wavelength range), and that exhibits a high focusing efficiency. From Section 3, we conclude that hexagonal lattice PCMLs are best suited for that purpose.
We obtained the highest focusing efficiency in terms of the largest value of the normalized intensity for a hexagonal PCML with its optical axis along the ÀM direction and TM polarized light. Focusing of this structure at its optimal frequency is shown in Fig. 6(a) . Unlike the other structures, this PCML yields a tiny focal spot in front of the lens. However, high intensity regions are also present throughout the entire PCML structure, which indicates that focusing of the incident beam is not as clean as it was for lower frequency light (see Fig. 4 ). The waves experience the presence of every individual hole rather than the average medium and hence the interaction of light with the holey medium is becoming more complex at those frequencies, which leads to a focusing performance that is very sensitive to changes in the incident light frequency. Fig. 6(b) and (c) show the focusing performance of hexagonal PCMLs at their optimal frequencies of Ã 0 = ¼ 0:67 and Ã 0 = ¼ 0:7. Unlike the PCML of Fig. 6(a) , they exhibit much cleaner focusing. The absence of high intensity regions throughout the PCML structure means that the approximation of the gradient structure by a holey structure remains valid. For an incident wavelength of 800 nm, which is very often used for grating inscription, the air hole pitch of the focusing structure should be around 550 nm. This is larger than the structure found in our previous study [38] for a rectangular PCML and TM polarized incident light, where we found an upper limit for the air hole pitch around 430 nm.
We can therefore use the PCML from Fig. 6 (c) to design a transversely focusing microstructured fiber. The cross-section of this MOF is shown in Fig. 7(a) . To design the microstructure and the core region using the PCML structure, we placed two such structures at opposite sides of the core region. The central part forms the core region and we inserted additional holes sideways to confine the guided mode in the core. The microstructure of the MOF is designed to transversely focus incident TE polarized light at 800 nm, meaning that the PCML was scaled to operate at this particular wavelength. The pitch of the PCML is 560 nm, while the air hole radius varies from 140 nm to 280 nm. The outer diameter of the MOF is chosen to be 80 m.
Note however that there are many possible ways to design MOFs with a PCML and the design shown in Fig. 7(a) is only one of those.
The resulting MOF structure depicted in Fig. 7 (a) supports a fundamental mode with a confinement loss below 0.03 dB/m. Some of the air holes where removed from the sides of the microstructure to tune the guiding properties of the fiber, which were analyzed with the commercially available software Lumerical Mode [39] . Due to the peculiar design, the MOF is birefringent with a fast axis along the y coordinate and a phase modal birefringence of 2 Â 10 À4 at 1550 nm. The normalized intensity distribution of the fundamental guiding mode is illustrated in Fig. 7(b) .
Transverse focusing of an incident plane wave on the designed MOF is shown in the Fig. 8(a) . The influence of the circular outer boundary of the fiber cladding was taken into account. The incident beam is perfectly focused to the core of the fiber and the peak intensity is located in the central part of the core.
Non-linear absorption mechanism in silica during grating writing in MOFs with femtosecond lasers is not taken into account in the linear model considered in this paper. It can however cause of additional beam scattering and prohibit that the laser light reaches the core [29] . In order to avoid that such absorption would have significant impact on our results, and following the conclusions from [29] , we should make sure that the intensities in the air holed cladding region are lower than the maximum focusing intensity in the core of the MOF. Our calculations depicted in Fig. 8(a) show that the maximum normalized intensity observed in the silica regions of the air holed cladding of our MOF does not exceed 5, which is 3.6 times lower than the maximum focusing intensity in the core. So we can expect that the refractive index change will truly happen in the core region, therefore ensuring a maximum overlap between the guided mode and the zone with modified refractive index.
We should also note that the transverse focusing MOFs presented here can be tuned and find applications in other domains as well. For example, relief Bragg reflectors were recently fabricated using an interference pattern that periodically etches the inner surfaces of MOF capillaries, which were first filled with toluene [47] . The etching process is sensitive to the intensity level of the inscribing beam and by carefully designing MOFs with PCMLs it could be possible to achieve the required intensity levels in the air holed claddings near the MOF core.
The dependence of the normalized maximum intensity in the core on the incident normalized frequency is shown in Fig. 8(b) . This figure essentially repeats the result shown in Fig. 5 , but now takes into account the influence of the fiber cladding and the entire microstructure. In the region around Ã 0 = ¼ 0:7 (corresponding to 800 nm wavelength incidence), the maximum normalized intensity oscillates around 20, which is in accordance with our previous findings. If we consider focusing of femtosecond pulses, the bandwidth of the pulse can cover a specific frequency range depending on the pulse duration, such as indicated with a red circle in Fig. 8(b) . In that case, different components of the pulse will experience various focusing conditions and here the average intensity level becomes more important than the intensity at a specific frequency.
In Fig. 8(b) we also observe a very sharp high intensity peak with a normalized intensity that reaches a value larger than 70. One should be careful when interpreting this peak and one has to take into account that we have presented results obtained with a frequency domain monitor. Such high intensities can be observed for monochromatic continuous wave incidence as a result of resonant interaction of the wave with the core region of the microstructure. For short femtosecond pulses this value can be considered as the time averaged intensity. Due to resonance the pulse can stay within the cavity formed by the fiber core and oscillate there for longer times than the duration of the pulse. This will increase the average intensity value normalized to the pulse duration, while the time domain intensity can still be on a much lower level. We have confirmed this by calculating the time and frequency domain intensities obtained for time and frequency domain monitors placed in the focal point.
Finally we have to consider the manufacturability of the MOF structure shown in Fig. 7(a) . A number of reports in open literature dealt with complex microstructures that were fabricated in different materials with various air hole radii [40] , [41] , MOFs with a very large number of air holes [31] and MOFs with very small air hole pitches and radii [42] - [45] . We can therefore anticipate that the fabrication of our MOF design can become within reach in the near future. In our previous study [38] , we designed a MOF with a PCML structure that had a pitch of 428 nm in a rectangular lattice, while here we obtained an optimal MOF structure with a pitch of 560 nm in a hexagonal lattice. This is a small, yet an important step towards a more favorable manufacturability of the structure.
Conclusion
We have introduced and studied four different types of photonic crystal Mikaelian lenses (PCMLs) that use either a varying air hole size in hexagonal lattices or a varying hole size and pitch in a rectangular lattice. We explained how such PCMLs can be designed starting from the Mikaelian formula and we compared our design approach to other methods that have been proposed in literature. Our method for finding adequate grading functions for the photonic crystal features has the advantage to be applicable to different types of PCMLs.
We computed the focusing performance of the different proposed PCMLs for TM and TE polarized plane waves. All 4 lenses exhibited almost identical focusing performance at normalized frequencies below Ã 0 = ¼ 0:35. However, beyond the first band gap region around Ã 0 = ¼ 0:4 the PCMLs behave differently and the maximum intensity in the focus strongly depends on the polarization of the incident light. At higher frequencies (around Ã 0 = ¼ 0:7) we observe highly efficient focusing for hexagonal lattice PCMLs and TE polarized incident light.
We applied our findings to a specific case, i.e. to the design of a microstructured optical fiber equipped with an optimized PCML in its cladding region. We simulated transverse focusing of a TE polarized wave to the core region of the fiber. The air hole pitch of the hexagonal lattice PCML used in our MOF design was 560 nm, while the air hole radius varied from 140 nm to 280 nm. The designed MOF supported a fundamental mode with a confinement loss less than 0.03 dB/m. The manufacturability of such structures still needs to be further investigated, but our simulations evidence that the MOF allows efficient delivery of light to its core region. Hence one can conceive using such microstructures as a basis for improving the efficiency of multi-photon grating formation in structured fibers.
Implementing a photonic crystal Mikaelian lens in the cladding region of a MOF is only one of the possibilities for obtaining enhanced transverse coupling to the core for efficient femtosecond grating writing. We nevertheless hope that our work will stimulate continued work in this area and that the concept of microstructure assisted grating writing will soon be experimentally demonstrated.
